Introduction
The purpose of this paper is to study the connection between orthogonal polynomials and cubature formulae on spheres and on simplices. A special case of the results shows that the orthogonal polynomials with respect to the measure The main results will be established for a large class of measures. Orthogonal polynomials on the sphere with respect to a measure other than the surface measure have been studied only recently (see [3-5, 8, 25 ] and the references there). The most important development has been a theory developed by Dunkl [3] [4] [5] for measures invariant under a finite reflection group, in which the role of Laplacian operator is replaced by a differential-difference operator in the commutative algebra generated by a family of commuting first order differential-difference operators (Dunkl's operators The present work is a continuation of [25] in spirit. For a large class of measures, we will show that orthogonal polynomials on S d and those on S d which are invariant under the group G = IQ x • • • x Z2 are connected by a simple transformation. The result offers a way to study the structure of orthogonal polynomials on the sphere; it also may lead to new understanding on orthogonal polynomials on the simplex. Together with the results in [25] , we also obtain a correspondence between orthogonal polynomials on the simplex and those on the unit ball that are invariant under G. Our approach is elementary as in [25] ; it is motivated by [3] in which the connection between orthogonal polynomials on S 2 and E 2 is used to study orthogonal polynomials with symmetry of order three; the approach does not involve differential or differentialdifference operators.
A closely related question is how to construct cubature formulae on spheres and on simplices. According to a theorem of Sobolev [16] , in order to establish a cubature formula invariant under a finite group, one only has to verify those polynomials that are invariant under the same group. In particular, to establish a Z2 x • • • x Z2 invariant cubature formula on 5 d , we only have to consider the homogeneous polynomials that are invariant under the group G. This consideration leads us to establish a oneto-one correspondence between the cubature formulae on S d and the Z2 x • • • x Z2 invariant cubature formula on S d . Moreover, using the result in [25] , we also have a correspondence between the cubature formulae on S d and the Z2 x • • • x Z2 invariant cubature formulae on B d . These results allow us to transform cubature formulae on one domain to another. Over the years, there has been a lot of effort devoted to the construction of cubature formulae on the sphere, on the ball, and on the simplex (mostly with respect to the Lebesgue measure); see [6, 12, 15, 17] for some of the references. It is remarkable that the simple correspondence between cubature formulae on these regions has not been noticed before. It yields, in particular, many new cubature formulae on spheres and on simplices; some of them can be derived from the known cubature formulae on a different domain by the correspondence. Because the main focus of this paper is on the relation between the orthogonal structure and cubature formulae on spheres and on simplices, we will concentrate on the theoretic side of the matter. The examples of new cubature formulae will be reported in a separate paper [7] .
The paper is organized as follows. In Section 2, we introduce notation and present the necessary preliminaries, where we also prove the basic lemma. In Section 3, we discuss the relation between orthogonal polynomials on S d and those on S d . In Section 4, we discuss the relation between cubature formulae on the unit sphere and those on the simplex. 
Preliminaries and basic lemma
For d = 2, the simplex E 2 is the triangle with vertices at (0,0), (1,0) and (0,1). Throughout this paper, we fix the following notation: for y € M d+:L , we write
where r = |y| = \A/? + h yi +1 and x = (a?i,...,%). 
. We denote by {Pfc 1 } and {Q^} systems of orthonormal polynomials with respect to the weight functions W^ and W^2\ respectively, where we keep the convention that the superscript n means that Pg and Qj? are polynomials in 11^, and the subindex k has the range 1 < k < r^. Keeping in mind the notation (2.1), we define
where 1 < k < r^, 1 < j < r^-i, and we define YJ^\y) = 0. It is proved in [25] that these polynomials are homogeneous polynomials in y, and they form an orthonormal basis for the space Ti n (H).
The group TLQ, X • • • x Z2. In the rest of this paper, we reserve the letter G for the group
It is one of the simplest reflection groups. The elements of G take the form o = (ei,..., £ m ) where Ei = ±1. For a function / defined on R m , the action of
We take the convention that the size of G agrees with the function it acts upon, so that we do not have to write G = G m . We will take m = dorm = d+lin subsequent sections.
Basic Lemma. We let dco = dujd denote the surface measure on S d , and the surface area 
Proof. It follows from (2.5) with H = 1 and 
Orthogonal polynomials on spheres and on simplices
In this section, we discuss the relation between orthogonal polynomials on spheres and on simplices. We need some notations.
) be a weight function defined on R^4" 1 .
Associated to if, we define a weight function Ws on the simplex S d by
and we normalize the weight function W so that, recall the formula (2.6),
It is evident that H is 5-syinmetric on R d+1 . Recall that the space of orthogonal homogeneous polynomials of degree n associated to the weight function H is denoted by Hn(H). If a polynomial P in H n (H) is invariant under G, then P has to be of even degree, which means that n is even. We define a subspace H^n of Ti2n(H) by
that is, H2 n contains polynomials in H2n{H) that are invariant under the action of G. Similarly, we define 7^ to be the subspace of V^1 containing all invariant homogeneous polynomials on ]R d+1 . Let i?£ denote a basis of orthonormal polynomials of degree n with respect to the weight function WE on S d where we keep the convention that the superscript n means that RJ: are polynomials in 11^, and the subindex k has the range 1 < k < r^. Keep in mind the notation (2.1). We define
These polynomials are in fact homogeneous polynomials in y G M d+1 . where ap are constants. Since yi = rxi, it is not hard to see that S^7 1 is a homogeneous polynomial of degree 2n in the variables y G R d+1 . To show 5| n G Hn(H), we need to show that it is orthogonal to polynomials of degree less than 2n with respect to #(y)du; on S d . We consider P^y) = y^ for f3 G N d+1 and |/3|i < 2n -1. If one of the components of /3 = (/?i,... ,/?d+i) is odd, say pi is odd, then we conclude by
Hence, we only need to consider the case when all components of /3 are even; in such a case we write /? = 27 for 7 G N d+1 and I7I1 < n -1. Then the basic formula (2.6) shows that
by the orthogonality of i?£ to polynomials of lower degrees. Since it is evident from (3.3) that Sl n are invariant under G, we have shown that 5| n are elements of H^n-Moreover, if we replace y 27 by Sj n (y) in the above formula, then it follows from the orthonormality of i?^ that {Sl n : 1 < fc < r^} forms an orthonormal set. Let P be a homogeneous polynomial on E d+1 that is invariant under G. Then P is necessarily of even degree, say degree 2n, which is of the form P(y) = p(y 2 ,..., y^+ 1 ) where p is homogeneous of degree n. Using x^+ 1 = 1 -x^ x^ whenever possible, we can write P further as
where q is a polynomial of degree n, not homogeneous in general. Since {RjA ^ j ^ r n>0 ^ ^ ^ n } f orm s a basis for all polynomials of degree n, we can write q in terms of R^. Therefore, we have the unique expansion In particular, if P E W^, then it follows from the orthogonality of P to polynomials of lower degree that P(y) = ]r\ a j S^n{y). This shows that {S?, 1 < j < r^} forms an orthonormal basis of H^n, and the unique decomposition (3.4) holds. □
As a special case of the theorem, a basis of orthonormal polynomials associated to the weight function Ws(b) = {ui • • • Ud(l -lull)) -1 / 2 yields, by (3.3), an orthonormal basis for spherical harmonics that are invariant under G.
Since {S?} forms a basis of H^, it follows that the dimension of H^n is r^. We formulate this as a corollary. 
In an effort to understand DunkFs theory of /i-harmonics, in [24] we studied in detail the orthogonal polynomials on
In particular, an orthonormal basis of /i-harmonics is given in terms of the orthonormal polynomials Dn '^ of one variable with respect to the measure (1-£ 2 ) A |£| 2/X on [-1,1], which in turn can be written in terms of Jacobi polynomials. For d = 2, using the spherical coordinates y 1 = r cos0i, 2/2 = rsinOi cos02> 2/3 = rsin0i sin^j r = |y|, some of the ft-harmonics of degree n (Y^ ^ in the notation of [24] ) are given by where 0 < k < n and Ag are normalization constants. (It should be mentioned that the spherical coordinates adopted above are in the reverse order of the spherical coordinates used in [24] .) On the other hand, an orthonormal basis for WE can be given in terms of the Jacobi polynomials Pn by (cf. [10] )
where 0 < k < n, n > 0, and B% are normalization constants. According to Theorem 3.2, the polynomials
are /i-harmonics with respect to H. In fact, using the spherical coordinates and the formula D^ (cos 6) = const P 7 l A~1/2 ' /x " 1/2) (cos2 (9) [24], we see from the above formulae for Yj? and Kg that, up to a constant, the polynomials S^y) and Y^iy) are identical. The case ai = 012 = as = 0 in the above example is of particular interest, since /i-harmonics reduce to the ordinary harmonics when a = 0. Another interesting case is ai = 012 = 0*3; Dunkl [3] studied the /i-harmonics that are invariant under the symmetric group of order three in this case. Among other things, an orthogonal basis invariant under the permutations of xi, £2, and 1 -xi -X2 is given, which leads to fe-harmonics invariant under the octahedral group.
Cubature formula on spheres and on simplices
In this section, we discuss the connection between cubature formulae on spheres and on simplices. coding theory to isometric embeddings between classical Banach spaces, cubature formulae on the sphere have been under intense study for years. One of the important approaches in the construction of cubature formulae was initiated by Sobolev [16] , which dealt with the invariant cubature formula under a finite group. The fundamental result of Sobolev states that a cubature formula invariant under a group is exact for all polynomials in a subspace V if, and only if, it is exact for all polynomials in V that are invariant under the same group. Since this result helps to reduce the number of polynomials that need to be evaluated by a great deal, it has been used to construct a number of cubature formulae on the unit sphere 5 2 (cf. [6, 11, 15, 17] and the references there). In the case we are considering, the results in the previous section shows that the invariant polynomials on S d can be identified with the polynomials on the simplex S d under a proper change of variables. Therefore, Sobolev's result suggests that the Z2 x • • • x Z2 invariant cubature formulae are related to the cubature formulae on the simplex. Indeed, we have the following result which does not seem to have been noticed before. Proof Assuming (4.1), we prove (4.2) for the polynomials gp(y) = y^, /? G N d+1 , and \/3\i < 2M -f-1. If one of the components ot (3 = (/?i,... ,/3d) is odd, say /?i is odd, then the integral in the left-hand side of (4.2) is zero by symmetry. Moreover, let oo = (-1) 1 which implies that the right-hand side of (4.2) is also zero. Hence, we only need to verify (4.2) for ^(y) = y 27 ? Mi < M. Since g2 1 is clearly invariant under G, the right-hand side of (4.2) with g -#27 becomes
/.
Hence, taking into consideration (4.3), it follows from the basic formula (2.6) that (4.2) with g = #27 is equivalent to (4.1) with /(u) = itj 1 • • -^(l -Mi) 7^1 , which holds true since I7I1 < M.
On the other hand, assuming (4.2), to prove (4.1), we only have to restrict (4.2) to invariant polynomials of the form g(y) = f(yl,..., yj), y € R d+1 , and use the basic formula (2.6). □ Although both the statement and the proof of this theorem are simple, its importance is apparent. It allows us to transform back and forth between cubature formulae on E d and Z2 x • • • x Z2 invariant cubature formulae on S d for a large class of weight functions. Before we go any further, let us determine the number of nodes in the cubature formula (4.2).
Evidently, the number of nodes of (4.2) depends on how many nodes of (4. 
Corollary 4.2. Let NM(E d ) and N2M+i(S d ) denote the number of nodes of the formula (4.1) and the formula (4.2), respectively. Then the following relation holds
Proof. If a node u; of (4.1) lies on a fc-dimensional face of S d , then it follows from the definition that the corresponding node v^ in (4.3) has exactly fc +1 nonzero elements, which implies that |G(ui)| = 2 A:+1 . Moreover, if v^ is a node of a cubature formula of the form (4.2) which contains exactly fc + 1 nonzero elements, then u* in (4.4) lies on a fc-dimensional face of E d . □
There are lower bounds on the number of nodes of cubature formulae, which are used to test whether a given cubature formula is minimal. The lower bound for cubature formulae on E d is given by
This lower bound is well known (cf. [17] ), and it holds for all cubature formulae with respect to weight functions on E d or on any other domain that has a positive measure. For cubature formulae of odd degree with respect to the weight function W § on E 2 in (3.6), there is an improved lower bound [2] n +2' n + 1 iV 2n+1 (E 2 ) > (J* n ~J + l^\ := iV^E 2 ), (4.7)
which is the same as the lower bound for cubature formulae of degree 2n + 1 with respect to a centrally symmetric weight function, such as (1 -Ixp) 01 on B 2 . This bound follows from a general result of Moller [14] , but the verification [2, 21] 
Proof. This follows easily from the following asymptotic formula fn + X\_ r(n + A + l) _ n* , and the formulae (4.6) and (4.8). □ It is worth mentioning that an attractive feature of the correspondence in Theorem 4.1 is that the degree of the Z2 x • • • x Z2 invariant cubature formula (4.2) is more than twice the degree of the cubature formula (4.1) on S d . Since it is easier to construct cubature formulae of lower degree, the theorem offers an effective method to construct cubature formulae on the sphere. However, most of the existing cubature formulae on S d are constructed for the Lebesgue measure dx (see the survey [12] ), which corresponds to the measure \yi --yd+ildw on S d ; and there are few cubature formulae known for the weight function (ui
on S d , which corresponds to the surface measure dw. On the other hand, most of the existing cubature formulae on S d are constructed for the surface measure dw, from which we may obtain cubature formula on S d with respect to the measure
Hence, Theorem 4.1 also will help us to obtain new cubature formulae on E d . We indicate the power of the method by the following example. where the sum is taken over all possible choices of (±1, ±1), and r, s are given by 6 which is in fact a minimal cubature formula of degree 2 by (4.6).
/,
On the other hand, a minimal formula of degree 3 has four nodes; it follows from the general theory of minimal cubature formulae [14] that these nodes are common zeros of two orthogonal polynomials of degree 2. Since a basis of the orthogonal polynomials with respect to WQ is known explicitly (cf. Example 3.5), it is not hard to find such a formula. Let Kg denote the orthonormal polynomials of degree n given in and ti, t2, ^3, ^4 are exactly the zeros of the polynomial 1225t 4 -1400£ 3 4-410£ 2 -40t + 1. We found the nodes and the weights with the help of the computer program Mathematica. For more on the minimal cubature formula, we refer the reader to [14, 15, 21, 22] and the references there. Since all nodes of (4.11) are located inside the triangle E 2 , it yields a Z2 x Z2 x Z2 invariant cubature formula of degree 7 with 32 nodes, 4 /(Xi, X2, Xs)^ = -^ Ai ^ /( db y/s~U ±y/t u ±yjl -S; -U ) (4.12)
where the inner sum is over all possible choices of signs. Both cubature formulae (4.11) and (4.12) appear to be new. Since Nf lTi {S 2 ) = 20 by (4.8), the formula (4.12) is far from a minimal formula. In [1] or [17, p. 299 , formula E/3: 7-2], a Z2 x Z2 x Z2 invariant formula of degree 7 with 26 nodes is given, which yields via Theorem 4.1, however, a cubature formula of degree 3 on E 2 with 7 nodes.
In order to construct a Z2 x Z2 x Z2 invariant cubature formula on S 2 with respect to surface measure, we only need to work with a cubature formula with respect to W^. Several methods used to construct cubature formulae for the Lebesgue measure on E understanding of the structure of the cubature formula on the simplex, especially the minimal cubature, and less of the structure of cubature formulae on the sphere. Using Theorem 4.1 in both directions, a number of new cubature formulae on S d as well as on Y? can be constructed. We will present the bulk of the new formulae obtained through Theorem 4.1 in [7] , where, among others, formulae on 5 2 that are invariant under the octahedral group (called fully symmetric formulae in [9, 17] ) will be constructed by considering symmetric formulae on the triangle E 2 (see [13] Moreover, a cubature formula of degree 2M+1 in the form of (4.14) implies a cubature formula of degree M in the form of (4.13).
The proof of this theorem follows exactly as that of Theorem 4.1 if we use the basic formula (2.7) instead of (2.6). We notice that (4.13) is the same as (4.1), except that we no longer require its nodes to be on E d . If a node of (4.13) is not on E d , then the corresponding nodes of (4.14) will be outside of B d . Let Nk be the number of nodes of (4.13) which lie on fc-dimensional faces of E d as in (4.5). Then we also have where the summations are over all possible choices of signs. This is a cubature formula of degree 5 with 8 nodes for WB(X) = l/v^l -|x| 2 . The number of nodes of this formula is one more than the lower bound (4.7); we have remarked that (4.7) holds for I cubature formulae with respect to WB on B 2 . Using Theorem 4.5, we also conclude that the cubature formula (4.11) yields a Z2 x Z2 x Z2 invariant cubature formula of degree 7 with respect to WB on B 2 with 16 nodes.
